4 Countability and Separation Axioms

4.1 The Countability Axioms

[4.1.1] DEeriniTION (Countable Base, First Countable Space)

Suppose (X,T) is a topological space. We say some x € X admits a countable basis at x if there exists some countable collection
@B of open neighborhoods of x such that, for every open neighborhood U of x, U contains some element of 3. If all points in X
satisfy this property, we say that X satisfies the first-countability axiom, or is first-countable.

~

[4.1.2] ExampLE (Metrizable Spaces are First-Countable)

Suppose X is a metrizable topological space. For any x € X, consider the collection of open neighborhoods B = {B,},cz, about x
such that B, = B(x,1/n). Then, for any basic open neighborhood U = B(x, ) about x, we have that there is some n € Z, such that
1/n<eg, and so By (x,1/n) < U, making B a countable basis. Thus X is first-countable.
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First countability is a property that lets convergent sequences probe limit points and the continuity of functions.

[4.1.3] THEOREM

Let X be a topological space.

(1) Suppose A< X. If (x,,) € A is a convergent sequence such that x,, — x, then x € A. The converse is true if X is first-countable.

(2) If f is a continuous function, then for any x, — x, we have that f(x,) — f(x). The converse is true if X is first-countable.

Proof.

(1) (=): This follows immediately by the definition of convergence of a sequence in a topological space.

(<=): Suppose x € A. Note x admits some countable basis B = {B,},c;. We can make a new countable basis from this, say
U = {Up}nej such that U, = B n---n By,. Of course, each Uy is open and x € U, so each Uy is an open neighborhood of x.
Since x € A, every open neighborhood of x intersects A. Thus, for each k € J, note that Uy is an open neighborhood of x,
so we are justified in choosing x; such that x; € (Uyn A). If J is countably infinite, then (x;) < A is a sequence such that
Xn — x, obviously. If J is finite, let n = max(J). There exists some k € J such that, for any open neighborhood O of x, we have
that U, c Uy < O, with the first inclusion due to U defining a nested countable basis at x. Upgrade the list (xi,...,x;) to the
sequence (xi,..., Xp, Xn, Xpn,...), and note that x,, — x.

(2) (=): Suppose f is continuous, and let (x,) < X be a sequence such that x;, — x. Let V be some open neighborhood of f(x),
and by continuity of f, there exists an open neighborhood U of x such that f(U) < V. Note that there is some N € Z, such
that x, € U for every n = N, and since f(U) €V, we have that f(x,) € V for every n= N, and so f(x,) — f(x).

(<=): We show f is continuous by showing that, for any A< X, we have that f(A) < f(A). For any x € A, note that there is
some sequence (x,) € A such that x,, — x by (1). By hypothesis, we have that f(x,) — f(x), and we also have that f(x) € f(A)
from (1). Thus f(A) < f(A), and so f is continuous.
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[4.1.4] DEerFINITION (Second-Countability)

If a topological space X admits a countable basis for its topology, then we say X satisfies the second-countability axiom, or is
second countable.




Obviously, if X is second-countable, then it is first-countable, since every open neighborhood U of some x € X can be written as the
union of a subset of a countable basis from X, and so x admits a countable basis.

[4.1.5] ExampLE (Examples of Second-Countable Spaces)

Note that R admits a countable basis, where each element takes th eform (a, b) for rational endpoints a, b € Q. Similarly, R” admits
a countable basis where each element takes the form []}_, (ax, br), where ay, by € Q for every k. Even R in its product topology
admits a countable basis, with each set taking the form [T};_, (a, br) x [Txez,\q1,..,m R for a, by € Q for each k.

The uniform topology on R® is metrizable by the uniform metric p(x,y) = sup,,cz, {d(xp, ¥n)}, where d(xn, ¥n) =min(lx, — ynl,1);
hence, it is first-countable.

To show R is not second-countable, we appeal to the lemma that if a space X has a countable basis B, then any discrete subspace
Ac X is countable. Indeed, since each {a} is open in A, there is some open set U < X such that Un A = {a}. By the definition of a
basis, there exists some B, € B with a € B, c U, yielding B,n A = {a}. For any distinct a, b € A, the basis elements B, and By, are not
equal since a € B, but a ¢ B, (as B,n A= {b}). The map a— B, is therefore an injection of A into B, proving A must be countable.

Finally, consider the subspace A< R” comprising all sequences of 0s and 1s. This set A is uncountable. However, for any distinct
a, b e A, they must differ in at least one coordinate, so p(a, b) = 1. The subspace A therefore inherits the discrete metric, giving it
the discrete topology. By contrapositive, R* is not second-countable.

[4.1.6] THEOREM (First/Second-Countability Preserved Under Subspace and Product Topologies)

A subspace of first/second-countable spaces is first/second-countable. The countable product of first/second-countable spaces is
first/second-countable.
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Proof. The proof is entirely mechanical and a straightforward application of the definition.

[4.1.7] DErFiniTION (Density)

A set Ac X is said to be dense if A= X.

,
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[4.1.8] DEerFinITION (Lindelof Space)

A space X is said to be Lindelof if every open cover of X admits a countable subcover.

[4.1.9] DErInITION (Separable Space)

A space X is said to be separable if there exists a dense subset of X that is countable.

r
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[4.1.10] THEOREM

Suppose that X is second-countable.

(1) X is Lindelof.
(2) X is separable.

That is, second-countability implies being Lindel6f and separable.

,
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Proof. Let B = {B,} be a countable basis for X.

(1) Let A be a cover for X. For each x € X, there is some A € A such that x € A. Since A is open, there is a basic, open
neighborhood B, such that x € B,, < A. Choose exactly one A € A such that B, € A, and let A, = A. Then {A,} covers X,
forming a countable subcover from A.

(2) For each ne Z, such that B, # @, choose some x, € B,, and let D be a set comprising each x,. Then note that for any basic

open neighborhood By about any x € X, x; € By D, and so D = X. Thus D is dense in X.

[4.1.11] ExampLE (Countability Properties of Sorgenfrey Line)

Consider the set R, endowed with the lower limit topology, also known as the Sorgenfrey line. We will show that it is first-countable,
separable, and Lindel6f, but not second-countable.

Of course, any x € R, admits a countable basis {[x,x+ 1/n)},ez, , S0 Ry is first-countable. It is also easy to see that Q is dense in Ry,
and so R, is separable.

We show R, is not second-countable. Suppose B is a basis for the lower limit topology. Then, for any x € X, let B, be some basis
element such that x € B, < [x,x+1). For any x # y € R/, note that By # By, since [x = min(B,)] # [y = min(B,)]. Thus the map from
R, to B, defined by x+— By, is injective, and so |R,| < |B|, making the basis uncountable.

The proof of R, being Lindel6f is annoying.

[4.1.12] ExampLE (Product of Lindelof Spaces is not Lindelof)

Lindelof-ness is not a property that is preserved under products. For example, even though R, is Lindelof, we can quickly show
R, xR, (also known as R2, the Sorgenfrey plane) is not. Choose the basis that has sets of the form [a, b) x [c, d), and consider the set

L={(x,—x): xRy},

which is essentially the graph of f(x)=-x in IR?. It is quick to show L is closed, so we have that IR? \ L is open. Then consider the
open cover formed by R% \ L adjoined with open sets of the form [a, b) x [-a, ¢). Every basis element (except the first) intersects L,
which is uncountable, and so there is no countable subcover. Thus [R? is not Lindelof.

[4.1.13] ExampLE (Subspace of Lindelof Space is not Lindelof)

The ordered square Iﬁ is compact (and thus Lindelof), but the subspace I x (0,1) is not Lindelof.




[4.1.14] Recap

(1) A space X is first-countable at a point x € X (i.e., satisfies the first-countability axiom at x) if there exists a countable
collection of open neighborhoods {B,} of x such that, for any open neighborhood U of x, there is some n € Z, for which
B,cU.

(2) From any countable basis {B,} at a point x € X, one can derive a countable basis that is “nested” (i.e., Uy 2 U, 2---). Indeed,
let U, = B n---n By,. Then note x is in each By, and so x is in each Uy. Moreover, the finite intersection of open sets is open,
so each Uy is an open neighborhood of x. Obviously {U,,} forms a nested chain of open neighborhoods of x.

(3) First countability is a property that lets convergent sequences probe limit points and the continuity of functions. For a space
X and some A c X, if we have a sequence (x,,) € X such that x,, — x, then x € A by definition of convergence in a topological
space. The converse is not necessarily true in a general topological space, but if X is first-countable, then it is immediate
(simply take a countable basis at any x € X, make it nested, then choose a sequence as one would in a metric space).

(4) Similarly, if f: X — Y is continuous, then for any (x,) € X such that x,, — x, we have that f(x,) — f(x) (simply by the
property that if V is an open neighborhood of f(x) € f(X) for continuous f, there is some open neighborhood U of x such
that f(U) < V). The converse is only true in a first-countable space, however. Using the previous theorem about sequences,
one can prove that f(A) < f(A).

(5) A space X is second-countable if it admits a countable basis.

(6) A subset Dc X is dense if D= X.

(7) A space X is Lindeléf if every open covering of X admits a countable subcovering.
(8) A space X is separable if there exists a dense subset of X that is countable.

(9) Second-countability of a space X implies the space being Lindelof and separable. If X is second-countable, it admits a
countable basis {By},¢;. For any open covering A of X, note that for any x € X, there is some A€ A such that x € A. Since A
is open, there is a basis element B, such that x € B,, € A. For all x € B, choose this representative A again when querying
the cover for a member that contains an element. Associating A with n by A,, note that {A,} is an open subcover of X,
making X Lindelof. Furthermore, for each n € J, choose some x, € B;,, and let D be the countable set of all x,,. For any x € X,
any basic open neighborhood intersects D (since it contains elements from every basic, open set), and so D = X, making X
separable as well.




4.1.1 Exercises

[4.1.15] PROBLEM

For a topological space X, we say a subset A< X is Gs if A can be written as the countable intersection of open sets. Show that
singletons are G4 space in first-countable, T; topological spaces.

Proof. Let X be first-countable and 73, and suppose {x} < X. Let {B,}c; be a countable basis about x: we will show My By, = {x}.
Simply, if y € Nues By, then y is in every open neighborhood of x, making y a limit point of {x}. But {x} is closed in a T space,
menaing it contains all its limit points, and so y is forced to be x, completing the proof. (4

[4.1.16] PROBLEM

Show every compact metrizable space X has a countable basis.

Proof. For any ne Z., note the set of all balls of radius 1/n forms an open cover for X, and by compactness we have a finite
subcover A, = {Ai,}le. Then consider B = Upez, An, a countable set of open balls that cover X. To show 3 is a basis, we show
that for any open neighborhood U of x, there is some B € B such that xe B€ U.

Since U is open, there is some ¢ > 0 such that B(x,&) < U. Choose some n € Z, such that 2/n <. Since A, covers X, there is some
ball B = B(p,1/n) € A, such that x € B. Then note, for any z € B, we have that

1 1 2
dz,x)<d(z,p)+d(p,x) < —+—=—<g,
n n n

and so x € B < B(x,¢) € U, completing the proof.
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[4.1.17] PROBLEM

Show that if a separable space is metrizable, then it is second-countable.

Proof. Suppose (X,d) has a countable subset D = {xy}re;, Where J is countable, such that D = X. For each ke J, let By =
{B(x,1/n)} ez, . Then note B = Uye; By is a countable, open cover of X—we show that B forms a basis.

Let U be some open neighborhood of x, and let £ > 0 be such that x € B(x,&) € U. Since D = X, any open neighborhood of x
intersects some xy € D. Let ne Z, be such that x; € B(x,1/n)n D, and also be such that 2/n < ¢. Thus d(x, x;) < 1/n, and so for any
z € B(xy,1/n), we have that

d(z,x) <d(z,x;) +d(xg,x) <2/n<eg,
and so x € B(xy,1/n) € B(x,¢) c U. C
®
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[4.1.18] PROBLEM

Show that if a Lindelof space X is metrizable by a metric d, then it is second-countable.

Proof. For each neZ., let A, be the set of all open balls of radius 1/n, which forms an open cover for X. Since X is Lindelof,
there is a countable subcover A,. We conjecture that B =U,cz, A, is a countable basis for the metric topology of X. Of course, it
is countable, and it covers X. We now show it has the basis property.

Let x € X be arbitrary, and let U be any open neighborhood of x. Since U is open, there is some ¢ > 0 such that B(x,e) < U. Let
ne€ Z, be such that 2/n < . Note that B covers X with balls of radius 1/n, and so there is some B(y,1/n) € B that is an open
neighborhood for x. Then, for any z € B(y,1/n), note that

d(z,x)<d(z,y)+d(y,x) <2/n<g,

<2

and so x€ B(y,1/n) < B(x,e) € U.
B
€

[4.1.19] REMARK

We have shown that, in metrizable spaces, being Lindeldf, separable, and second-countable are all equivalent.

[4.1.20] PROBLEM

Show that if X is separable, then every collection of disjoint, open sets in X is countable.

Proof. Let D = {x,},c; be a countable subset of X such that D= X (i.e., D is dense in X). Let .7 be a collection of disjoint, open
sets in X. Without loss of generality, suppose A does not contain the empty set. Since each A€ A is an open neighborhood of
some element of X, there is some k € J for which x; € A by the density of D in X. Since each A e A is disjoint, the map from A to
D given by A— x; is injective. Thus || <|D|, making A countable. C/



4.2 Separation Axioms

[4.2.1] DEriniTION (Topologically Distinguishability, Separation)

Let x, y be two points in a topological space X. Then x, y are topologically indistinguishable if the set of all open neighborhoods
about x coincides with the set of all open neighborhoods about y. Thus, x, y are topologically distinguishable if one point has an
open neighborhood that excludes the other. Moreover, x, y are separated if there exist open neighborhoods about x and y that are
disjoint. Separation generalizes easily to a point and a set or two sets.

Note that when dealing with connected spaces, we also use separations, but only separations whose union is the entire space. In dealing
with separation axioms, we still deal with separations (i.e., disjoint, open sets), but we do not care if their union is the entire space.

[4.2.2] DerFiniTION (Regular, Normal Spaces)

Suppose a space X is T; (i.e., all singletons are closed). We say that X is regular if, for any point x and a closed set B < X disjoint
from x, we may separate x and B. We say that X is normal if any pair of disjoint, closed sets can be separated.

Note that we specify B to be closed in the previous definition since, if B < X is not closed, then we would be unable to separate a point
x € B\ B from B, making most spaces X not regular. The same is true for the definition of normality (consider a set A and a singleton set
B that contains a point from A\ A).

Obviously, a regular space is Hausdorff (consider a point x and the closed space {y}), and analogously, normal spaces are regular.

T Hausdorff Regular Normal

[4.2.3] THEOREM (Characterizations of Regularity and Normality)

Suppose X is Tj.

(1) X is regular if and only if, for any x € X with any open neighborhood U of x, there is some open neighborhood V of x such
that Vc U.

(2) Shrinking Lemma. X is normal if and only if, for any closed set A< X contained in any open neighborhood U, there is
some open set V that contains A such that V< U.

Proof.

(1) (=): Suppose X is regular. Consider a point x € X and some open neighborhood U of x. Set B= X \U, a closed set; by
regularity of X, there exist disjoint, open neighborhoods V, W of x and B. If we show that V' n B = ¢, then we have shown
that V < U. Indeed, if y € B, then there is an open neighborhood W of y that does not intersect V, and so y ¢ V. Thus V c U.

(<): Let x € X be a point disjoint from some closed set B < X. Then note U = X\ B is an open neighborhood of x. By
hypothesis, there is an open neighborhood V of x such that V < U. Then U, X\ V are disjoint open neighborhoods separating
x and B respectively.

(2) The proof is analogous to (1).

<



It is quick to see that the subspace V of a Hausdorff space X is Hausdorff. Indeed, if x, y € V, then there exist disjoint open neighborhoods
XNV, YNV of x,y respectively, where X, Y are disjoint open neighborhoods of x, y in the space X.

It is also quick to see that the product X of Hausdorff spaces {X,}1ca is Hausdorff. Indeed, for distinct x = (x))1cp and y = (y1)aen, there
is some j € A for which x; # y;. Since X; is Hausdorff, there exist disjoint, open neighborhoods O,,0, < X; of x;, y;. Then the sets

oxzoxx( I1 XA) oyzoyx( I1 XA),

AEAN(} AeAj}

are disjoint, open neighborhoods of x, y in the product topology.

[4.2.4] THEOREM (Subspace and Product of Regular Spaces is Regular)

A subspace of regular spaces is regular. The product of a collection of regular spaces is regular.

Proof. Suppose X is a regular space and Y < X is a subspace. Note Y is Hausdorff and thus 7. Let x be a point in Y and B a
closed subset of Y. Note that Clx(B)n Y = Cly(B) = B, with the last equality by B closed. Considering x € X and B < X a closed set,
by regularity of X we have that there exist disjoint, open neighborhoods U,V of x and B. Then UnY,V Y are disjoint, open
neighborhoods of x and B, proving Y is regular.

Now suppose {X;}1ea is a collection of regular spaces. We show X =[];¢4 X3 is regular by the alternative characterization. Note
that X is Hausdorff and thus Tj, so it satisfies that part. Let x = (x3)1ea € X, and let U be any open neighborhood of x. Since U is
open, there is a basic, open set [1; U, such that x € [T U, < U. From this basis, we can easily construct an open neighborhood V of
x such that V < U. We will define V =[], V4. Indeed, for each A € A, consider Uy. If Uy = X,, then let V; = X;. Otherwise, let V;
be some open set such that V; € U. Then V is an open neighborhood for x, and since V =[] Vi, we have that V € [[jea Up S U,
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such that X is regular. ¢

[4.2.5] ExampLE (Hausdorff But Not Regular)

Consider R, the reals endowed with the topology given by basis elements of the form (a, b) \ K, where K = {1/n},cz, . It is quick to
see Ry is Hausdorff: for any x # y € R, let Oy, O, be disjoint, open neighborhoods of x, y in the standard topology for R, then
note O\ K, O, \ K are disjoint, open neighborhoods of x, y in the K-topology. However, it is not regular by a straightforward proof.

Note that normality of a space is not preserved under subspace nor product. For products, consider the Sorgenfrey line R,, which is
normal, and the Sorgenfrey plane R?, which is not normal.



(1) Two points x, y are topologically indistinguishable if the collection of open neighborhoods about x is the exact same as the
collection of open neighborhoods about y (otherwise, the points are topologically distinguishable). We say two points x, y
are separated if there exist disjoint, open neighborhoods of x and y. The same idea applies to separating a point from a
subset or a subset from a subset.

(2) Suppose X is a T; space. Then X is regular if any point x disjoint from a closed set B can be separated. X is normal if any
pair of disjoint, closed sets A, B can be separated.

(3) The requirement that the sets are closed are important. If we drop that restriction, then there is limit point disjoint from a

non-closed set, but separating them is impossible, so regularity would become far too restrictive. The same idea applies for
normal spaces.

(4) We may also characterize regularity and normality in a different way. A space X is regular if and only if, for any open
neighborhood U of x, there is some open neighborhood V of x such that V ¢ X. Analogously, a space X is normal if and only
if, for any open neighborhood U of a closed set A, there is an open neighborhood V of A such that V c A.

(5) Note that the equivalent definition of regularity closely resembles local compactness. Recall that a space X is locally compact
Hausdorff if, for any open neighborhood U of x, there is some open neighborhood V of x such that V is compact and V < X.
At once, we have that locally compact Hausdorff spaces are regular.

(6) Subspace and product operations on regular spaces produce regular spaces. This is not true for normal spaces.

4.2.1 Exercises

[4.2.7] PROBLEM

Show that if X is regular, then prove that any two distinct points in X have open neighborhoods whose closures are disjoint.

Proof. Let x # y € X. By Hausdorffness of X, we have disjoint, open neighborhoods Uy, Jx, Uy about x, y respectively. By regularity of
X, there are neighborhoods Vi, Vy, of x, y such that Vi € Uy and V, € U, and so V,nV, = @, completing the proof. (4

[4.2.8] PROBLEM

Let f,g: X — Y be continuous maps into the Hausdorff space Y. Show the equalizer Eq(f, g) = {x: f(x) = g(x)} is closed in X.

Proof. We show C = Eq(f, g) contains all its limit points. For the sake of contradiction, suppose x € C\ C. By Hausdorffness of Y,
there exist disjoint, open neighborhoods Yy, Y, of f(x), g(x) respectively. Again by continuity of f, g, there exist open neighborhoods
Xy, Xg of x for which f(Xy) € Yy and g(Xg) € Y. Then consider the single open neighborhood U = Xy n X, of x, which also satisfies
f(U) <Yy and g(U) € Y. Since x € C, U intersects C at a point whose image under both f and g is y (since the point lies in the

equalizer). Thus y € Yy n Yy, a contradiction, and so the construction of x is invalid. Thus C contains all its limit points, completing
the proof. (4



4.3 Normal Spaces

Normality isn’t a super nice condition (recall that subspaces and products of normal spaces are not necessarily normal). However, many
familiar classes of topological spaces are normal, and normality turns out to be an important condition for certain big theorems like
Urysohn’s lemma and Tietze’s extension theorem.

[4.3.1] THEOREM (Regular, Second-Countable Spaces are Normal)

A regular, second-countable space is normal.

Proof. Suppose X is a regular, second-countable space. Then X has a countable basis B. Let A, B be any two closed subsets of X.
Since A is closed, for any any x € A, we may choose an open neighborhood U of x that is disjoint from B. By regularity, we know
there is a neighborhood V of x for which V < U. Since V is open, there is a basis element O € B such that x € O < V. Obviously,
ONB=g, since O< V. Identify each point x with some basis element as such, then let {U,} be the collection of all of these basis
elements (note this is a subset of the countable basis, and so it is countable). Applying the same procedure to B, let the collection
be {V,}.

Now note UU,,UV, are open sets containing A, B, but they are not necessarily disjoint. Instead, let us construct two open covers
that are disjoint. For each n, define

n n

U,=U,\UV; V,=v,\UT.

i=1 i=1
Note the finite union of compact spaces is compact, and as subspaces of a Hausdorff space, it is closed. Note each U}, V; is a
complement of a closed set with respect to the open sets Uy, Vy, so they are open. Moreover, for any x € A, there is some ne Z,
where x € U,, and x ¢ V; for each i € {1,...,n} (obviously, by V; being disjoint from A), and vice-versa holds for B.

We have shown U’ =JUj, and V' =JV,, are open sets containing A and B, and now we show they are disjoint. For the sake of
contradiction, suppose x€ U'nV’, and so x € U;. NV for some j, ke Z,.If j <k, then by definition of U}, we have that x € U;; by

Iy

definition of V}, we have that x ¢ 7]-, a contradiction. ¢

[4.3.2] THEOREM (Metrizable Spaces Are Normal)

A metrizable space is normal.

Proof. Let (X,d) be a metric space, and let A, B € X be disjoint, closed sets. For each a € A, there is some ¢, > 0 such that
B(a,e;) N B = @, since otherwise a would be a limit point of B, forcing a € B by B being closed. An analogous procedure can be
used to find ¢, for each b € B. Finally, define
U= JB(aeq/2) and V=] B(bep/2),
acA beB

with €4, €j, as chosen before. Obviously, U and V form open sets that contain A and B. We prove they are disjoint by contradiction.
Suppose ze UnV, and so there exist a€ A and b € B such that z € B(a,e,/2) n B(b,e/2). Note that

d(a,b)<d(a,z)+d(z,b) < (eq+€p)/2.

If £, < €p, then d(a, b) < €p, and so a € B(b,e,/2). Vice-versa is true if ¢, = ¢;,. But note the balls about points in B are disjoint
from A by construction, and vice-versa for the balls constructed about points in A. Thus we have reached a contradiction, and so

I~y

UnV =g, completing the proof. ¢
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[4.3.3] THEOREM (Compact Hausdorff Spaces are Normal)

A compact Hausdorff space is normal.

Proof. Suppose X is compact Hausdorff. We first show X is regular. Let x be any point in X and B be any disjoint, closed set. For
any b € B, we have the existence of open neighborhoods U;, and V}, of x and b that are disjoint. Note that {V}} is an open cover for
B from open sets of X, and since B is a closed subset of a compact space, there is a finite subcover {Viti—,- Then U =Upep Up and
V =N}_, Vk are disjoint, open sets containing x and B respectively. (Alternatively, note X is compact Hausdorff and thus locally
compact Hausdorff, then apply a previous theorem.)

For any two disjoint, closed sets A, B, produce disjoint, open neighborhoods for each a € A and B. Intersect a finite subcover of the
open neighborhoods covering B, then note it is an open neighborhood disjoint from the open neighborhood about A, which is the

<

union of each open neigbhorhood about every a € A. L

[4.3.4] THEOREM

All well-ordered sets (totally ordered sets with the least upper bound property) are normal in their order topology.

11



4.4 The Urysohn Lemma

The Ursyohn lemma states that for any normal space X and any pair of closed subsets A, B < X, there exists a continuous f: X — [a, b]
(for some a, b e R) such that f|4=a and flg=b.

[4.4.1] TuEorREM (The Urysohn Lemma)

Let X be a normal space, and let A, B be disjoint, closed subsets of X. Then there is a continuous map
f:X—1[0,1]
for which fla=0and flg=1.

Before we prove this lemma, we consider a class of numbers known as dyadic rationals, a set of fractions whose denominator is a
power of two. Namely, we consider the dyadic rationals contained in [0, 1]. Let D, be the set of dyadic rationals of order n contained in
[0,1] (i.e., pure fractions whose denominator is of the form 2"). For example,
Dy =1{0,1} D—{Oll} D—{Ollsl}
0 — 11y, 1= ’2, ’ 2= 14)2r4) ’

Suppose we bisect the interval [0,1] n times. Then the endpoints of bisection correspond exactly with the values in D,,, motivating them
geometrically. If we bisect the interval a countably infinite number of times (like we do in the proof of, say, Bolzano-Weierstrass), the
endpoints yielded correspond exactly with the values in D =U,ez, D,. Crucially, D is dense in [0,1], so the open sets indexed by D are
fine enough to bring about a function that satisfies the hypotheses.

We will bisect [0,1] a countably infinite number of times, use the shrinking lemma to force an open set each time we bisect, and index
these open sets with the dyadic rationals. Then we will define a map using these open sets that satisfy the conditions of the hypothesis,
completing the proof.

Proof. We start by creating our family of open sets indexed by D. We start with Dy: consider the set U; = X\ B. Then, since
An B =0, we have that A< U,. We have that A is closed and U; is open, and so by the shrinking lemma, there is an open set Uy
such that

AcUy< U, cU;.

Now we move to D;. Note that Uj is a closed subset of the open set Uy, so we apply the shrinking lemma again, yielding a set Uy »
such that L
Ug<c Uyjp < Uyp cU.

Now we move to D,. Note that Uy is a closed subset of the open set U, ,», and that Uy is a closed subset of the open set U;. Then
we have open sets Uj 4, Us/4 such that

Up S Up S U1/4 S Uja S Urj2 S Urjz S Usja S Usys S UL
Repeat this process inductively, yielding the family of open sets {U,},cp. We are now ready to define the continuous function.
Define f: X — [0, 1] by the function
fx)=inf{reD:xeU,} (»(nf(p)=1).

For any x € X, we identify the smallest dyadic rational r for which the open set U, contains x. If no such U, exists, then f emits 1.
Immediately, we note that f|4 =0, since A< Uy and so every element of A is contained in Uy. Conversely, we note that f|z =1,
since U; € B and so no element of B is contained in {U,}.

Finally, we prove that f is continuous, completing the proof. We show continuity on the subbasis elements [0, @) and (a, 1] for any
a€ (0,1). Note that if f(x) < a if and only if x € U, for dyadic rationals r such that r < a. Thus

ffawo,an= U U.

reD,r<a

Conversely, suppose f(x) > a. By density of D in [0, 1], we can pick two dyadic rationals r, s such that a < r < s < f(x). Since s < f(x),
we note that x ¢ Us. Since U, < Uy, note that x ¢ U, as well. Thus

flam= J x\up.

reD,r>a

Thus the preimage of all subbasis elements are open, meaning f is continuous. We have completed the proof. ]
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[4.4.2] RemARrk (Urysohn’s Lemma Applies to Any Closed Interval)

Note the argument involved is invariant under translation and scaling of the codomain. Thus Urysohn’s lemma guarantees any
continuous map f: X — [a, b] for which fla=aand flg=b

\ J

[4.4.3] DEFINITION (Separated by a Continuous Function)

Suppose X is a topological space and A, B < X are subsets. If there exists a continuous function f: X — [0,1] such that f|, =0 and
flg =1, then we say that A and B can be separated by a continuous function.

,
\.

[4.4.4] TuEorREM (Normal iff. Disjoint, Closed Sets Separable by Continuous Function)

A space X is normal if and only if, any pair of disjoint, closed sets can be separated by a continuous function.

Proof. (=): This is the statement of Urysohn’s Lemma.

(<=): Suppose any disjoint, closed subsets A, B < X can be separated by a continuous function f. Then note f~'([0,1/2]) and
f~1((~1/2,1]) are disjoint open neighborhoods for A and B. ¢

Note that the shrinking lemma applies to normal spaces, and so the proof for Urysohn’s lemma cannot be lifted to regular spaces. That
is, the statement that a point and a disjoint, closed set can be separated by a continuous function is false. Instead, we define a subclass
of regular spaces for which this is true.

[4.4.5] DErFINITION (Completely Regular)

A space X that satisfies the T condition is called completely regular if any singleton subset {x;} and some disjoint, closed set B
can be separated by a continuous function.

Immediately, we note that a completely regular space is regular: if a singleton subset is separated from a disjoint, closed set by a
continuous function f, then f~1([0,1/2)) and f~'((1/2,1]) are the desired disjoint, open neighborhoods about the singleton and closed
set. Furthermore, we note that a normal space is completely regular, as we simply take one closed set to be a singleton.

This class of spaces is particularly nice as well: the subspace and product operations leave its property intact.

[4.4.6] THEOREM (Subspace and Product of Completely Regular Space is Completely Regular)

Suppose X is a completely regular space. Then any subspace U c X is also completely regular. Moreover, suppose {X}1ea is a
collection of completely regular spaces. Then the product X =[]y X, is also completely regular.

Proof. Note that U is regular—subspaces of regular spaces are regular—and thus Tj. Let xy € U be any point that is disjoint
from the closed set B < U. Since B is closed in U, it contains all its limit points in U and so xp is not a limit point for B,
meaning xg ¢ Clx(B). Thus x is disjoint from the closed set Clx(B), where both objects are treated as elements of X. By complete
regularity, there is a separation by a continuous map f: X — [0,1]. Then g = f|y is a continuous map that separates xo and
Clx(B)nU = Cly(B) = B, making U completely regular.

The proof for the product being completely regular, like the subspace, is extremely similar to the proof of products being regular,
so we omit the proof. y
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[4.4.7] REMARK (The Separation Axioms)

The separation axioms have alternative names of the form T;. They are organized such that a T; space is automatically T;, and
that there exists one T; space that isn’t T; (for j > i). They are as follows.

Ty (Kolmogorov). Any two points are topologically distinguishable.

T (Accessible). Any two points have open neighborhoods that exclude the other point.

T, (Hausdorff). Any two points can be separated.

T3 (Regular). A T space for which any point and disjoint, closed set can be separated.

T35 (Completely Regular). A T, space for which any point and disjoint, closed set can be separated by a continuous function.
T, (Normal). A T; space for which any pair of disjoint, closed sets can be separated.

Ts (Completely Normal). A T; space that is normal and has the property that all its subspaces are normal.

14



4.5 Urysohn’s Metrization Theorem

We apply Urysohn’s lemma to prove a foundational metrization theorem, called Urysohn’s metrization theorem. This theorem posits that
regular, second-countable spaces are metrizable by embedding them into a metric space (namely, [0,1]“ < R®). There are two variations
of this proof, one where R? is endowed with the product topology, the other where it is endowed with the uniform topology: we take up
the proof using the product topology.

[4.5.1] THEOREM (Urysohn’s Metrization Theorem)

Suppose X is a regular, second-countable space. Then X is metrizable.

Proof. We show X is metrizable by embedding it into a metrizable space Y. If f is the appropriate embedding, note that
(X = f(X))<Y. Since f(X) is a subspace of the metric space Y, f(X) takes on a metric topology, and by homeomorphism so does
X. As aforementioned, we let Y be the space R* together with its product topology, and we show there is an embedding of X into
[0,1]%.

We first prove that there exists a countable collection of continuous functions f;, : X — [0,1] such that, for any point xy € X and any
neighborhood U of x, there exists some n € Z, such that f;, is positive at xo and vanishes outside of U. Since X is regular and
second-countable, it is normal. By Urysohn’s lemma, for any fixed xy € X and neighborhood U of x;, the disjoint closed sets {xo}
and X\ U can be separated by a continuous function f: X — [0, 1] such that f(xp) =1 and f(X\U) = {0}. We now go one step further
to show that we can extract a single countable collection of such functions that works for every possible (xo, U) pair simultaneously.

Let {Bu}nez, be a countable basis for X. For each pair of indices m,n € Z, for which B, < B,,, we apply Urysohn’s lemma to
separate the disjoint closed sets B, and X\ B,, by a continuous map g, : X — [0, 1] satisfying g, »(B,) = {1} and g, ,(X \ B,,) = {0}.
Because this collection {g;,,,} is indexed by a subset of Z, x Z_, it is countable and can be reindexed as {fy} ez, .

To see that this collection satisfies the requirement, let xo € X and let U be an open neighborhood of xo. By the definition of a
basis, there is some By, such that x € B;,, € U. By regularity of X, there is some basis element B,, such that xy € B, < B,, < By,. The
function gy, is therefore defined for this pair; it yields g, »(xo) = 1 >0 and vanishes on X\ B, 2 X \ U, completing the proof.

Now consider the map F: X — R® defined by F(x) = (fr(x))kez, . At once we note that F is continuous since each component is
continuous, a nice property of the product topology. Moreover, it is injective: for any x # y in X, there exists an open neighborhood
U of x that excludes y (by X being T1). Then there is some n € Z,. such that f,(x) >0 and f,(X\U) =0 (and so f(y) =0), meaning
F(x) # F(y). Thus F is a continuous bijection onto its image Z = F(X), and our final task is to show F maps open sets to open sets.

Suppose O c X is open: we seek to show F(O) is open in R”. Since F is a bijection, there is some unique xj € X such that F(xp) =
Let N € Z, be the index for which fi(xo) >0 and f,,(X\ O) = {0}. Finally, let
= (' ((0,00)) NZ.
=V

Note that (0,00) is open in R, and by continuity of the projection map 7y, we have that V is an open subset of R”. Thus W is an
open subset of Z in its subspace topology. We show that

z0 € W< F(O),

implying that F(O) is open. Since fi(xp) > 0, we have that z € [n}y 1((0,00)) = V1, and z, € Z is immediate by F being a bijection—thus
zo € W. Now let w € W be arbitrary. Since Z < W, there is some x € X such that F(x) = z, and so ny(z) € (0,00). Then

nn(2) =N (F(x) = fy(x) € (0,00),

meaning fy(x) >0 and so x€ O. Thus w € F(O), meaning W < F(0), and so F(O) is open. Thus F is a homeomorphism onto an
image (an embedding), completing the proof that X is metrizable. (4
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[4.5.2] THEOREM (Embedding Theorem)

Let X be a T space. Suppose that {f3},c is a collection of continuous maps f: X — R satisfying the condition that, for any xp € X
together with an open neighborhood U of xo, there is some index A € A such that f (xp) >0 and f3 (X \ U) ={0}. Then the function
F:X —R?, with codomain taking the product topology, defined by

F(x) = (fa(x)rea

is an embedding of X into RA.

\ J

The proof is drawn directly from the second part of the previous proof, simply replacing the indexing set Z, with A. If each f} maps
into [0, 1], as the case with the last proof, then we note F is an embedding of X into [0,1]*, called the Hilbert cube in R".
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4.6 Tietze Extension Theorem

Another useful consequence of the Urysohn lemma is the useful theorem called the Tietze extension theorem. A common problem in
analysis is being able to extend a construction to a larger space, while still keeping important properties intact. For a space X, we may
have a continuous, real-valued function f: A— R, with A a subset of X. We ask if there is a way to extend f to some function f: X — R,
such that f|, = f and that continuity is preserved. Of course, this is not true for all spaces X, but certain restrictions on X and A make
this theorem true. This is what the Tietze extension theorem is concerned with.

[4.6.1] THEOREM (Tietze Extension Theorem)

Suppose X is a normal space and A < X is closed. Then any continuous map f: A — [a, b] may be extended to a continuous map
f: X — la,b]. The result holds if the closed interval in the codomain is replaced with R.

The proof will be omitted for now.
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4.7 Embeddings of Manifolds

We have shown that regular, second-countable spaces can be embedded into R”. A natural question is to ask which type of space X can
be embedded into some finite-dimensional Euclidean space R”. We show that compact manifolds satisfy this property.

[4.7.1] DEFInITION (m-Manifold)

A space X is said to be an m-manifold if X is Hausdorff, second-countable, and is locally homeomorphic to R™. That is, for any
x € X, there is some open neighborhood U of x such that U is homeomorphic to some open subset of R™.

[4.7.2] ExampLE (Examples of Manifolds)

A curve (with some regularity conditions imposed) is a 1-manifold, and the same for a surface being a 2-manifold.

r
\

[4.7.3] DErFiNiTION (Support of a Map)

Suppose ¢ : X — R is a real-valued map. Then the support of ¢, denoted by supp(¢), is the closure of ¢! (R\ {0}).

r
\

[4.7.4] ReEmArk (Intuition behind Support)

The support of a function is not simply where the points where the map is nonzero: it’s the points where there are no open
neighborhoods for which the map vanishes on. We can characterize the support of a function as where it’s “active”. A polynomial p
may be zero at a root x = r, but it either rebounds or intersects without “wasting any time,” and so we would say that the polynomial
is “active” at r, and so r € supp(p). The bottom line is, if a point x is not in supp(f), then there is some open neighborhood U of x
such that f|y =0. Thus the closure makes the support a much better tool to determine where a function is dead. We also note that
the support being closed is a useful property (analogously, the complement of the support being open is useful).

r
\




[4.7.5] DEFINITION (Partition of Unity)

Let {Uj,..., Uy} be some finite covering of the space X. Then a collection of continuous maps {¢y,...,¢,} such that ¢ : X — [0,1] is
said to be a partition of unity dominated by {U,} if it satisfies the following conditions.

(1) supp(gy) € Uy for each ke {l,...,n}.
(2) Forany x€ X, Y}_, @r(x) = 1.

_ J

[4.7.6] ReEMARK (Intuition behind Partition of Unity)

Suppose X has a finite cover {Uj,..., U,} together with a collection of continuous local maps {gi,...,g,} where each g;: Uy — R. A
natural question is: how can we produce a global map g: X — R that represents these local maps best? There is no guarantee that
gj and g agree on the overlap U;n Uy, so using the pasting lemma is not an option.

A naive approach would be to use characteristic functions yy, to toggle the maps on and off, defining g(x) = X.}_, xv, (x) gk (x)
(where the product is taken to be 0 outside Uy). However, this fails for two reasons. First, the binary nature of the characteristic
function causes discontinuities at the boundaries. If a sequence of points inside U approaches a boundary point p € 6Uy, the
term yy, (x)gk(x) approaches gi(p), which is generally nonzero. But for points immediately outside the boundary, the term is
exactly 0. Unless the local map g; happens to naturally vanish at the boundary of Uy, this creates a jump discontinuity. Second, in
overlapping regions where multiple sets intersect, the values are blindly added together. If x € U; n Ui, the sum yields g;(x) + gi(x),
double-counting the outputs and artificially inflating the result.

A partition of unity solves this by acting as a continuous approximation of these characteristic functions. Rather than assigning a
rigid binary 1 or 0 to dictate which open set x belongs to, ¢ (x) assigns a “fractional ownership” to Uy. Deep inside Uy, away from
other sets in the cover, ¢ (x) = 1 and acts exactly like a standard indicator function. In an overlap U; n Ui, however, the functions
provide a continuous interpolation that smoothly crossfades between the patches. For instance, suppose an overlap V = U; N Ui
intersects no other sets U;; by the first condition, all other maps ¢; must vanish identically on V. For any v € V, the value ¢;(v)
measures how much “control” U; exerts over v, and similarly for ¢ (v). The second condition then forces ¢;(v) + @r(v) =1,
ensuring that the total ownership of the point is exactly 100%. Simply put, each map ¢; determines the amount of control Uy
exerts over any point x € X, with the restriction that Uy claims no ownership outside its boundary and that the the ownership each
map exerts over x always sums perfectly to 1.

We define the global map as g(x) = X}!_, ¢x(x)gk(x), a convex combination of the local maps with the maps from the partition of
unity. Since ¥ ¢ (x) = 1, this behaves as a true weighted average. If the local maps g; and g; both output a value of ¢ at an overlap,
the global map outputs 0.7¢ + 0.3¢ = ¢, which successfully blends conflicting local maps without inflating or deflating the values.

\ J

We will eventually prove compact manifolds may be embedded into Euclidean space by taking a finite cover of open sets, constructing
local embedding maps from each open set to Euclidean space, then using a partition of unity to stitch together these maps and create
an embedding of the manifold into Euclidean space.



[4.7.7] THEOREM (Existence of Partition of Unity)

Let {Uj,..., Uy} be a finite open covering for the normal space X. Then X admits a partition of unity dominated by {Uk}Zzl.

Proof. We first show that any finite cover {Uy}}_, of X admits a finite cover {Vi}}_, such that Vi € Uy for each ke{1,...,n}. Define
A=U\(UU---Up).

Note that A is a closed subset of U;, and by normality, there exists an open set V; such that A< V; € V; € A. Thus {V},Us, ..., Uy} is
a finite open cover for U, since the missing elements from the incomplete cover {Us,...,U,} are in A, which is a subset of V;. In
general, if
Ve Vi1, Uk, Uges1y -+, Ut
covers X, let
A=X\(V1U:-- UV qUUg41 U---UUp).

Apply the same procedure to find Vi, then note {V1,..., Vi, Ugs1,--+, Uy} covers X. Induction up to the n-th step shows this result is
true.

Finally, let X be a normal space together with a finite open cover {Uy,..., U,}. By the previous theorem, choose {Vk}?:l and {W;C}ZLl
such that V; € Uy and Wy € V; for each k€ {1,...,n}. Note that Wy and X \ V; are disjoint, closed sets in a normal space X, so
Urysohn’s lemma guarantees a continuous map v : X — [0,1] such that v (W) = {1} and (X \ Vi) = {0}. Thus w;l([R \{0}) = V4,
and so
supp(yx) € Vi € Ug.
Define w(x) = Z,’c’zl W (x), which is strictly positive (find k such that x € Uy, then note y(x) > 0). Then define
Vi(x)

Pr(x) = W,

<2

and note {@}}_, is a partition of unity for X.

[4.7.8] THEOREM

A compact manifold can be embedded into finite-dimensional Euclidean space.

Proof. Let X be a compact m-manifold. Note that by compactness and by m-manifolds being locally homeomorphic to R™, there
exists a finite open cover {Uy}}_, comprised of open sets that are homeomorphic to open subsets of R™. Thus, for each ke {1,..., n},
there exists a map gy : Uy — R™ that is an embedding.

Since X is a compact manifold, it is compact Hausdorff and thus normal, so it admits a partition of unity {p}}_, dominated by
{Ur}}_,- For each ke {l,...,n}, define hy: X — R™ by
(x)-8k(x) x€eUy,
hi(x) = Pr(X)- 8k k
0, X € X \supp(gp).

Note that on the intersection Uy N (X \ supp(¢y)), we have ¢ (x) =0, so both branches agree with 0,,. Because Uy and X \ supp(¢x)
are open sets whose union is X, each hy is well-defined and continuous by the pasting lemma.

Finally, set N = n+ nm and define the global map

g:X—»IRNE(Rx---lelemx...x[Rm

n times n times

by
g8(x) = (p1(x),...,0n(x), h1(x),..., hp(x)).

We show that g is an embedding of X into RY. At once we have that g is continuous, since each of its component functions ¢ and
hy is continuous.

Next, we show that g is injective. Suppose x, y € X such that g(x) = g(y). This implies ¢ (x) = @ (y) and hi(x) = hi(y) for every
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ke{1,...,n}. Because {¢} is a partition of unity, we have }.;'_, ¢ (x) =1, so there must exist at least one index k for which ¢ (x) > 0.
Since ¢ (y) = @i (x) >0, both points x and y lie in supp(¢y) < Uy. Evaluating hj on Uy yields

Pi(x) - 8k (xX) = hie(x) = hie(¥) = @i () - 8k (V).
Since ¢ (x) = pr(y) > 0, we may divide by this nonzero scalar to obtain gi(x) = gx(y). Because g; is an embedding on Uy, it is

injective, forcing x = y. Thus, g is an injective continuous map.

Lastly, because X is compact and RY is Hausdorff, the continuous injective map g: X — g(X) is a closed map, and therefore a
homeomorphism onto its image. This completes the proof that g is an embedding into R".
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